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Variational Methods of 

Approximation 
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Rayleigh-Ritz Method 
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The approximation solution satisfies: 

1- The weighted-integral form 

2- The weak form 

3- Minimizes the quadratic functional 

Different methods differ from 

1- the choice of weight function 

2- the approximation function 
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Rayleigh-Ritz Method 
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1- the method uses weak form integral 
 

2- the weight function  
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Ritz coefficient 
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If B is bilinear then 
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General 

Bilinear+Symm. 

Rayleigh-Ritz Method 
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Rayleigh-Ritz Method 
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If B is bilinear and symmetric then 

One can seek a solution in the form of                               and the 
 

parameters can be found by minimizing the quadratic functional. 





N

j

jjN cU
1

0

),,,()( 21 NN cccIUI 

Thus 

 0,  ,  0,  0
21
















Nc

I

c

I

c

I




دانشكده مكانيك  -دانشگاه صنعتي اصفهان روش اجزاي محدود  5 

Rayleigh-Ritz Method 
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Rayleigh-Ritz Method 

The approximation function should satisfy the following conditions 

1- a-  i  should be such that B(…,...) is well defined and nonzero 
 

    b-  i  must satisfy at least the homogeneous form of the EBCs. 
 

2- For any N, the set              along with the column of the B must 

     be linearly independent. 
 

3-         must be complete.  
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Rayleigh-Ritz Method 
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Example 1 
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Rayleigh-Ritz Method 

Example 1 
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The same result can be obtained using quadratic functional: 

where 
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Rayleigh-Ritz Method 

Example 1 
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The necessary conditions for the minimization of I, 
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Rayleigh-Ritz Method 

Example 1 
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For  N=2, 
 

  c1=-0.0813, c2=-0.1707 
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Rayleigh-Ritz Method 

Example 1 
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N=1 

 

N=2 

 

N=3 

 

Exact 
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0.0 
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Rayleigh-Ritz Method 

Consider the Poisson equation in a unit square 
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Variational formulation is in the form of: 
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Example 2 
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Rayleigh-Ritz Method 
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Rayleigh-Ritz Method 
Example 2 
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One- and two-parameter Rayleigh-Ritz solutions are: 
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In evaluating the integrals, the following orthogonality conditions are used 
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Rayleigh-Ritz Method 
Example 2 
If polynomials are to be used in the approximation of T 
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One-parameter Ritz solution: 
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Rayleigh-Ritz Method 
Example 2 
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